Abstract. We give classifications of integral lattices which include the Barnes-Wall lattice BW 16 or laminated lattices of dimension 1 d 8 and of minimum 4. Also, we give certain lattice neighboring from each lattice. Furthermore, we study spherical designs and the other properties.
Introduction
We have the following lattice neighboring from the Barnes-Wall lattice BW 16 to the three unimodular lattices Λ 16,2,3 , D Here, the above figure means that O 16 = BW 16 ∪ (f 1 + BW 16 ), for example. We will introduce the definitions of the lattices and vectors for the lattice neighboring in Figure 1 are in Section 1.1.
Lattice neighboring is to consider neighbors of the given lattice, whose intersection has index two in each of them. In this note, we consider lattice neighborings with integral lattices, that is we consider an integral lattice L ′ = L, x as a neighbor of the given lattice L and some
Furthermore, we have the following fact: , and
Similarly, we consider lattice neighborings for the following laminated lattices. We denote by Λ n the laminated lattices of minimum 4 for 0 ≤ n ≤ 24. We can refer to [1] for the definition of laminated lattices. We have the following theorem:
Proposition 1 (cf. [1] Ch.5, Theorem 2). The laminated lattices Λ 0 , Λ 1 , . . . , Λ 8 are unique and are isomorphic to 
Definition 2 (Spherical design [2] ). Let X be a non-empty finite set on the Euclidean sphere S d−1 , and let t be a positive integer. X is called a spherical t-design if
for every polynomial f (x) = f (x 1 , . . . , x d ) of degree at most t.
Here, the left-hand side of the above equation (1) means the average on the sphere S d−1 , and the right-hand side means the average on the finite subset X. Thus, if X is a spherical design, then X gives a certain approximation of the sphere S d−1 . Furthermore, we denote the distance set of X by A(X) := {(x, y) ; x, y ∈ X, x = y}; then we call X an s-distance set if |A(X)| = s. Now, X is said to be a (d, n, s, t)-configuration if X ⊂ S d−1 is of order n(:= |X|), a s-distance set, and a spherical t-design.
The set s m (L) of vectors of the lattice L which take the same value m for their norm is called the shell of the lattice,
is considered, where X is a finite set on an Euclidean sphere. A lattice, whose minimal shell is a spherical 4-design (i.e. a 5-design), is said to be strongly perfect.
Preliminaries
In this note, we denote by ε 1 , . . . , ε d an orthonormal basis of R d , and we denote by e 1 , . . . , e d a basis of the lattice
B. B. Venkov introduces the following construction of the lattice:
Lemma 3 (Venkov [4] , Lemma 7.1). Let L be an even integral lattice of dimension n ≥ 2 and of minimum 4, and let e be a minimal vector of L. Denote by p the orthogonal projection on the hyperplane
. Suppose that one of the following two assumptions holds:
There is x ∈ L such that (e, x) ≡ 1 (mod 2); (2) We have (y, e) ≡ 0 (mod 2) for all y ∈ L, and L contains a vector x such that (e, x) ≡ 2 (mod 4).
Then, L e is a odd integral lattice of minimum at least 3, and we have det(L e ) = det(L) under assumption
We denote by O 7 (resp. O 23 ) the projected L e associated with the laminated lattice Λ 8 (resp. Λ 24 ). Finally, we denote by O 22 (resp. O 16 ) the orthogonal of O 1 (resp. O 7 ) in O 23 . Only these five lattice are the strongly perfect lattices of minimum 3, classified by B. B. Venkov [4] .
For an orthonormal basis ε 1 , . . . , ε d of R d , we often denote
1. the Barnes-Wall lattice BW 16
We will introduce the definitions of the lattices and vectors for the lattice neighboring in Figure 1 
In the following sections, we will introduce the definitions and some properties of lattices.
1.1. Definitions. Here, we denote some vectors
g 1 := ε 1 + ε 5 + ε 9 + ε 13 , g 2 := ε 1 + ε 3 + ε 5 + ε 7 , g 3 := ε 1 + ε 3 + ε 9 + ε 11 , g 4 := ε 1 + ε 3 + ε 13 + ε 15 , g 5 := ε 1 + ε 2 + ε 3 + ε 4 , g 6 := ε 1 + ε 2 + ε 5 + ε 6 , g 7 := ε 1 + ε 2 + ε 7 + ε 8 , g 8 := ε 1 + ε 2 + ε 9 + ε 10 , g 9 := ε 1 + ε 2 + ε 11 + ε 12 , g 10 := ε 1 + ε 2 + ε 13 + ε 14 , g 11 := ε 1 + ε 2 + ε 15 + ε 16 . We also have the following generator matrix: 
Incidentally, we have the following more beautiful generator matrix of BW 16 with another construction (cf. 
These lattices are of dimension 16 and of minimum 2, and its shell of norm 3 is spherical 5 design. Such lattices are classified in [3] , there exist just three.
Similarly, we define the three lattices, namely Λ 16,2,1 It is clear that Λ
, and unique lattice which include Λ 1 is Λ 1 ∪ (ε 1 + Λ 1 ) = Z.
Properties of lattices.
The theta series of each lattice have the following form:
On spherical designs, it is obvious that every nonempty shell of each lattice satisfies the equation (1) for any polynomials of all degree t.
The laminated lattice
We have the following lattice neighboring from the laminated lattice Λ 2 : Here, a Gram matrix of Λ 2 is t (e 1 , e 2 ) · (e 1 , e 2 ) = 2 2 −1 −1 2 , and we have Λ 2 (
We can show the following fact:
Theorem 3.1. The integral lattices which include Λ 2 are isometric to one of the above two lattices (in Figure 3 .), namely Λ 2 and Λ 2 ( Thus, to classify such lattices, we have only to consider the neighboring with the each vector of norm 1. We can easily check by computer search. In fact, we have 4 integral lattices, one of which is Λ 2 and the other three of which are isometric to Λ 2 ( We have the following lattice neighboring from the laminated lattice Λ 3 :
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Theorem 5.1. The integral lattices which include Λ 4 are isometric to one of the above six lattices (in Figure 5. 
It is easy to classify the above lattices. We have the following: 
We have the following lattice neighboring from the laminated lattice Λ 5 : 
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we denote f 1 := We have the following lattice neighboring from the laminated lattice Λ 6 : 
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Here, a Gram matrix of Λ 6 is t (e 1 , . . . , e 6 ) · (e 1 , . . . , e 6 ) = 2
Theorem 7.1. The integral lattices which include Λ 6 are isometric to one of the above six lattices (in Figure 7. ), namely Λ 6 , Λ 6 ( Thus, to classify such lattices, we have only to consider the neighboring with the each vector of norm 1 and 2. We can easily check by computer search. In fact, we have 514 integral lattices from the combinations of the above classes. The following table contains the number of integral lattices which are isometric to each lattice: 
We have the following lattice neighboring from the laminated lattice Λ 7 : Note that Λ 7 (ε 1 , ε 2 ) ≃ Λ 7 (ε 2 , ε 4 ) and Λ 7 (ε 1 , ε 2 , ε 1 + ε 3 ) ≃ Λ 7 (ε 2 , ε 4 , ε 1 + ε 3 ).
Here, for the above neighboring, we have the following generator matrix of Λ 7 : we have Λ 7 (ε 1 , ε 2 , ε 4 ) ≃ Z 3 ⊥ D 4 and Λ 7 (ε 1 , ε 2 , ε 1 + ε 3 ) ≃ Z 4 ⊥ A 3 . We can show the following fact:
Theorem 8.1. The integral lattices which include Λ 7 are isometric to one of the above eleven lattices (in Figure 8.) , namely Λ 7 , O 7 , Λ 7 (ε 1 ), Λ 7 (ε 2 + ε 4 ), O 7 (ε 1 ), Λ 7 (ε 1 , ε 2 ), Λ 7 (ε 1 + ε 3 , ε 2 + ε 4 ), Λ 7 (ε 1 , ε 2 , ε 4 ), Λ 7 (ε 1 , ε 2 , ε 1 + ε 3 ), D 7 , and Z 7 . We also have Λ 8 (ε 1 ) ≃ Z ⊥ O 7 and Λ 8 (ε 1 , ε 2 , ε 3 ) ≃ Z 4 ⊥ D 4 . We can show the following fact:
Theorem 9.1. The integral lattices which include Λ 8 are isometric to one of the above eleven lattices (in Figure 9. 
